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: 449 p r o v i d ~ f i  a n  ~ x t e n s i o n  nr O s ~ _ a r s n n  s chi-square (X ) 

g.sc~r'lq %r  fi q f  j ? c u t  T , ~ T  r~qivar ia te  distri.bu3l rrxn.5 to t h o  ~:-mltivariate 

t ' l i ~ c  11 ir : ien~iorrs (bjvariate + ;. s , ~ ~ ~ a ~ ~  fi;-e dimensions 

a , :  rst-j,dcc: ml thc  program. Extensions to hl,ber diw~cr:sions may be 

made if required. The basis  of the multivariate t e s t  i s  the fact that 
w ", . 

the exponential of the multivariate normal  distribution i s  distributed 

aa a. chi-square var iable  with degrees  of f reedom equal to the numbers  

c11 dimensions. 

The probability density function of the mult ivar iate  normal  d i s t r i -  

bution rnay be written a s  

for u correlated random var ia tes  (x,, x,, . . . , xv). A i s  a constant 

for a distribution and i s  a function of dimensions v and the correlat ion 

matr ix.  The quadratic Q of equation (a) is distributed a s  chi-square 

with v degrees  of freedom. Equation (7) gives the formula f o r  Q (in the 
2 

program notation X i s  Q). 
0 

The p rogram a l so  provides the Kolmogorov-Smirnov (KS) goodness 

o f  f i t  tes t .  This i s  accomplished by computing the maximum absolute 

diffrrcnce (MAD) between the theoret ical  mult ivar iate  normal  distribution 

and thc  empir ica l  distribution. 

The u s e r  of this p rogram should note that these mult ivar iate  t e s t s  

a r e  s t r ic t ly  valid only for  independent samples  ana  for  multivariate 

distributions whose marginal  distributions a r e  unimodal. If these condi- 

t ions a r e  not met  by the sample,  the effects upon the t e s t s  a r e  unknown. 

However, the authors  believe that the t e s t s  may  sti l l  be used subjectively 

even if the descr ibed res t r ic t ions  a r e  not met.  



Definition 

K 

MAD 

d. f. I 

+ l2:f : J f i t i ~ ~  matrix 

*r  - 4 t i t  

i i:lai 2egrees  of f reedom for t e 3 -  

2 N u r n t w r  of c lass  intervals af te r  grouping for  the x t e s t  
2 

N u m b e r  of c lass  inh?rvals  before grouping for the x t e s t  

Natural logari thm 

Common logari thm 

Sample s ize 

Correlat ion coefficient 

Sample standard deviation 

Variate  

Mean of x 

Determinant of correlat ion ma t r ix  

Chi-square 

Computed chi-square f r o m  quadratic 

Cofactor of R (elements of correlat ion mat r ix)  

Cofactor of R divided by determinant  of correlat ion ma t r ix  

Probabi l i ty  

Dimensions,, number of var ia tes  

Number of tables,  number of samples  

Maximum absolute difference 

Initial o r  des i red  degrees  of f reedom for t e s t  

Observed frequency 

Expected theoretical frequency 



Symbol. 

x2 
MINFE 

Definition 

i?ottom of c l a s s  interval 

Top of c l a s s  interval 

.-. *.* 

Calculated chi- square index 

Minimum expected frequency pe r  c l a s s  interval required 
fo r  the chi-square tes t  



F I N A L  INSTRUCTIONS TO 'TI33 COMPUTER 

1 ,  The following options will be included for any sample s ize N 

for this program: 

Option 1 : 2-G~snensional case  (2  var ia tes  o r  "pairs") designated 

a s  b l ,  x,) 

Option 2: 3-dimensional case  ( 3  var ia tes  o r  l l t r iplets")  designated 
.N* l* 

a s  ( ~ 1 ,  x,, ~ 3 )  

Option 3: 4-dimensional case  (4 va r i a t e s )  designated a s  

( X I ,  x2, x,, x4) 

Option 4: 5-dimensional case (5  va r i a t e s )  designated a s  

(xi, X2, X3r X4, x5) 

We will descr ibe  the procedure to follow for  samples  of 11 p a i r s  

(option 1, 2 dimensions,  N = 11 ). This same procedure will  be p e r -  

formed fo r  the other  options when they a r e  chosen. 

2. F o r  each  of the samples  of 11 pa i r s  compute the following: 



Equation (4) gives the s e r i a l  correlat ion coefficient R between 
X l #  *2 

the variables  xl  and x,. The general  equation for correlat ions will  be 

,rm 

W h e n i = j ,  t h e n R  o r R  = 1; i. e. , in the following correlat ion 
Xi X .X 

J j 

matr ix,  a l l  diagonal elements = 1. (Note 1 and j = 1, 2, 3, 4, 5 to  include 

a l l  options. ) Using equation ( 5 ) ,  f o r m  the correlation ma t r ix  C as 

follows: 

C - 

Bivariate Case 

Note that this  ma t r ix  i s  a symmetr ic  ma t r ix  with R,, = ql, 3, = F$,, 

etc. Consequently, our notation will be confined to the upper half of the 

correlat ion matr ix,  including the diagonal elements.  Solve for the 

determinant of C; cal l  this  determinant D. 

Now, the general  equation for x2 o i s  



(";'lJ + r22 

t . . .  

x2 

where r . .  is the cnfactor of R . .  (the elements of correlation matrix C ) .  
1J 1J 

i j 
Let r .  . / D  = r , Now, the general equation for x2 becomes 

1J 0 



A standard inversion program applied to correlat ion matr ix  C 
i j 

( t h e  cic*man::{ are. R. . j  provic1e.r a matrix whose elements a r e  r . For  
1.1 

2 
i h i ~  rl.:i*lon, rtqtiation (8)  is U R C C I  for  t h c  computation of X . 

0 

3. (a) The option choscn in par t  1 will determine the dimensions 

to be uscd in the general  equations. As before, we will use option 1 

( 2  dimensions, samples of 11 pa i r s )  for illustration. 
- 

jb) F o r  N = 11, compute s, x2, S , S , Rl1, RIZ, Rzl,  and 
x1 X2 

R2, using equations ( I ) ,  (2), ( 3 ) ,  and (5). Note that R = R121 
x1 J x2 

R = RI3, = R14, R = R23, = RZ4, etc. , in ma t r ix  (6). 
*1? X3 x1, x4 X2' X3 X2' x4 

(c) F o r m  the correlat ion ma t r ix  C. F o r  the 2-dimensional 

case  (bivariate) this will include elements RI1, R12, Rzl, and Rz2 only. 
11 12 21 2 2 Invert matrix CJ to obtain r , r , r , and r . 

(d) Introducing the 11 observations along with the pa ramete r s  

computed in (3b )  ant1 ( 3 c )  into cquation (8), we obtain 11 values of x2 . 
0 

2 
( e )  Order  the I I values of x obtained in pa r t  (3d) according 

0 

to increasing magnitude. Compute the empir ical  probability of exceeding 
2 

Xo 
corresponding to the N = 11 ordered  X values using 

0 

for i = 1, 2, 3, . , ., 11. 

1 4Pn N 
N > 2  . 
v = dimensions 

( f )  Prepare Table 1. This table will be the 11 ordered  x 2  
o 

values VB [ l  - P(x )]. Note that the re  will be K table 1 ' s  corresponding 
0 

to the K samples of s ize 11. 



2 
(F  . ?lot  the ordered  x values v s  [ I  - P ( ~ :  ) ]  on l inear  vs  

0 

log l0  c a ~ r d i r , c t e s .  Flat  the theoretical fit to  z k s e  points using the 

l !n f i  t--.L - O T P : . ~ -  12, 2" CW. Use the appropriate degrees  of freedom 

- 1. 
, , ;. e . ,  Icr ?-he ;).-dimensional case ,  2, f. 2 ,  for the 3-dimensional 

= : -  ' , -- . C ! - c  

(Ti) Goodness of Fit:  Compute the theoretical cumulative 

prohabilitics [ I  - P ( ~ ' ) ]  for the N %dl ordered  values using 1108 
0 

titzl,routinc 12.  2, CHI. Add these values of [ l  - P ( ~ ' ) ]  to Table 1, 

C o n ~ p u t e  tht .  rr~axirnurn absolute dil'fercnce between [ l  - P ( x 2  )]  and 
0 

i - T y 1 .  Call this quantity MAD, Note that there  will be K values 

0 4 '  MAD r.orresponding to the K samples of s ize N = 11. 

( i )  Using 1108 subroutine 13.4, CHIN, for the N = 11 values 

of [ I  - P ( x L  ) ]  in Table 1, calculate the corresponding values of X2 located 
0 

on the theoret ical  straight line. Add these values of X 2  to  Table 1. 

4. Goodness of Fit. F o r  each sample of s ize N pe r fo rm the 

following: 
2 

( a )  GroupthcX values i n t o e q u a l c l a s s  intervals.  The 
0 

nurnbcr o f  c l a s s  intcrvals i s  

where k is the number of c l a s s  intervals  before grouping, d. f. i s  
N I 

the desired degrees of freedom for the X2 tes t ,  and v i s  the dimension 

of the sample. Tabulate the observed frequency (F ) of the x ' values. 
0 0 

L e t  

x = bottom of c l a s s  interval 
B 

x = top of c lass  interval 
T 

E' = observed irequency 
0 



( I , )  Compute t h e  theoretical cumuiative probabili t ies P(x') 

u.sing 1108 H E  ,i.:isAtinc 12. 2 CIII. T h c  input t o  :he p r o g r a m  will  be x T 

ace, ap>r..prnr;t;, c!~rnc;l&inns ( 2 ,  3 ,  4, o r  5) .  

( r :  C n r -  1 7 . .  ;he expected theoretichl frequencies (F,) 

( d )  Compute 2 using < ,  

if F < 1.0, adjacent F ' s  must  be added s o  that Fe 2 1.0. If any F ' s  
e e e 

a r c  grouped t o  satisfy this  rulc ,  the corresponding F must  be added in 
0 

a s imi l a r  manner.  (F < 1 . 0 )  will be a variable input denoted by MINFE. 
e 

2 Let I< = numbcr of c l a s s  intervals  a f t e r  grouping for  thex test .  Now, 

5. Pr intout  Format :  

Table 1 2 Dimensions N = 11 



MAD-:  , X L  .- , k N y  , k =  , d.f. = , M I N F E =  . 

Fa r f u r t h e r  informaeion r e g a r d i n g  t h e s e  m u l t i v a r i a t e  normalit-y t e s t s  
a n d  addit ional  t e s t s  on the  s a m e  sub jec t ,  t h e  r e a d e r  is referred t o  
N A S A  Techn ica l  Note  T N  D-8226 en t i t l ed  "Mul t iva r i a t e  N o r m a l i t y " ,  

May I976 b y  H a r o l d  L. C r u t c h e r  and L e e  W. Falls. 

N AS A-MS FC 




